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Abstract
For each non-quadratic p-adic integer, p > 2, we give an example of a torus-like continuum Y
(i.e., inverse limit of an inverse sequence, where each term is the 2-torus T 2 and each bonding map is
a surjective homomorphism), which admits three 4-sheeted covering maps f0 :X0 → Y,f1 :X1 →
Y,f2 :X2 → Y such that the total spaces X0 = Y,X1 and X2 are pair-wise non-homeomorphic.
Furthermore, Y admits a 2p-sheeted covering map f3 :X3 → Y such that X3 and Y are non-
homeomorphic. In particular, Y is not a self-covering space. This example shows that the class of
self-covering spaces is not closed under the operation of forming inverse limits with open surjective
bonding maps.
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Recently a procedure for constructing finite-sheeted coverings (with a connected total
space) over connected paracompact spaces has been established. The procedure based on
shape-theoretic techniques is as follows. Let Y be a (metric) continuum. First, we express
Y as the inverse limit of an inverse sequence {Yi, qii+1, i < ω} consisting of connected
compact ANR’s Yi (ω denotes the set of all non-negative integers). Let us assume that we
are able to obtain an inverse sequence {Xi,pii+1, i < ω} and a map
f = {fi :Xi → Yi | i < ω} : {Xi,pii+1, i < ω} → {Yi, qii+1, i < ω}
of the inverse sequences such that each fi :Xi → Yi is an s-sheeted covering map and each
commutative diagram formed by maps fi, fi+1, qii+1 and pii+1 is a pull-back diagram.
Let X be the inverse limit of {Xi,pii+1, i < ω} and let f = lim f :X → Y . Then f is an
s-sheeted covering map over Y [10, Theorems 6 and 7]. We shall use the described pro-
cedure to obtain some finite-sheeted covering maps over a particular torus-like continuum
Y . Recall that the solenoid S(P), generated by the sequence P = (p0,p1,p2, . . .) of nat-
ural numbers, is the inverse limit of an inverse sequence {Yi, qii+1, i < ω}, where each
Yi is the unit circle S1 and each bonding map qii+1 :S1 → S1 is the standard pi -sheeted
covering map z → zpi of S1. S(P) admits an s-sheeted covering map f :X → S(P) if
and only if s is not divisible by primes p such that p are prime factors of infinitely many
pi ’s. In this case S(P) admits exactly one equivalence class [f ] of s-sheeted covering
maps f :X → S(P) and the total space X is homeomorphic to S(P) ([2, Example 2] and
[10, Theorem 8]). Now let P be a sequence (P0,P1,P2, . . .) of 2 × 2 integer matrices
Pi ∈ M2(Z) having |detPi |  1 and let T (P) be the inverse limit of an inverse sequence
{Yi, qii+1, i < ω}, where each Yi is the 2-torus T 2 = S1 × S1 and each bonding map
qii+1 = fPi :T 2 → T 2 is a homomorphism represented by the matrix Pi . Since each fPi is
a |detPi |-sheeted covering map of T 2, T (P) can be considered as a generalization of the
notion of the solenoid. Note that T (P) is a torus-like (metric) continuum [9, Lemma 1]).
The first ˇCech cohomology group (with coefficient group Z) of T (P) is a torsion-free
group of rank 2 and since there is a nice relationship between p-adic integers and torsion-
free groups of rank 2 [4, §B] we shall adopt the following notation. Let p be a prime
number, let Pi =
[
p ai
0 1
] ∈ M2(Z), i < ω, and let T (P) be a torus-like continuum given
by the sequence P = (P0,P1,P2, . . .). In that case we say that T (P) is obtained by the
p-adic integer α = ∑∞i=0 aipi and we denote it by T (α) (about p-adic integers and the
justification of the notation of T (α) see Section 3). Note that all bonding maps of T (α) are
p-sheeted covering maps of T 2.
A connected Hausdorff space Y is said to be H -connected [5] if any proper local homeo-
morphism f :X → Y from a connected Hausdorff space X onto Y is a (global) homeomor-
phism. Recently G. Jungck and M. Timm proved that the limit space of an inverse sequence
of H -connected metric continua in which all bonding maps are open and surjective is itself
H -connected (Theorem 3.1 of [5]). Note that a compact H -connected space has only trivial
self-covers. This property of H -connected compact spaces leads to the following variant of
the notion of H -connectedness. A compact connected Hausdorff space Y is a self-covering
(or an h-connected) space [5], if whenever f :X → Y is a finite-sheeted covering map of
K. Eda et al. / Topology and its Applications 153 (2005) 359–369 361Y , then X is homeomorphic to Y . Since each compact H -connected space is self-covering
a natural question arises: Are the limits of inverse sequences of self-covering spaces by
open surjective bonding maps also self-covering? Since the solenoids S(P) and the gener-
alized solenoids of [10] are self-covering spaces it was conjectured that the answer to this
question was positive. In the present paper we answer this question negatively. For a prime
p > 2 we construct a torus-like continuum T (α0), which admits three 4-sheeted cover-
ing maps f0 :T (α0) → T (α0), f1 :T (α1) → T (α0), f2 :T (α2) → T (α0) such that T (α0),
T (α1) and T (α2) are pairwise non-homeomorphic. Since one could possibly think one
of the reasons why this phenomenon occurs is the fact that p and 4 are relatively prime,
we also construct a 2p-sheeted covering map f3 :T (α3) → T (α0), such that T (α3) is not
homeomorphic to T (α0). Here is our main theorem.
Theorem 1. Let p > 2 be a prime and let T (α0) be a torus-like continuum obtained by a
p-adic integer α0 =∑∞i=0 aipi , where 0 ai < p.
(i) Let
f0 =
{
fFi :T
2 → T 2
∣∣∣ Fi =
[
2 0
0 2
]
, i < ω
}
:
{
T 2, fPi , i < ω
}
→ {T 2, fPi , i < ω}.
(ii) Let α1 = α0 − 1/2, Qi =
[
p (p−1)/2+ai
0 1
]
(i < ω) and let
f1 =
{
fGi :T
2 → T 2
∣∣∣Gi =
[
2 1
0 2
]
, i < ω
}
:
{
T 2, fQi , i < ω
}
→ {T 2, fPi , i < ω}.
(iii) Let α2 = 4α0, Ri =
[
p 4ai
0 1
]
(i < ω) and let
f2 =
{
fHi :T
2 → T 2
∣∣∣Hi =
[
1 0
0 4
]
, i < ω
}
:
{
T 2, fRi , i < ω
}
→ {T 2, fPi , i < ω}.
(iv) Let α3 = 2pα0, Ui =
[
p 2pai
0 1
]
(i < ω) and let
f3 =
{
fLi :T
2 → T 2
∣∣∣ Li =
[
1 0
0 2p
]
, i < ω
}
:
{
T 2, fUi , i < ω
}
→ {T 2, fPi , i < ω}.
Then f0, f1, f2, and f3 are maps of inverse sequences, f0 = lim f0 :T (α0) → T (α0), f1 =
lim f1 :T (α1) → T (α0) and f2 = lim f2 :T (α2) → T (α0) are 4-sheeted covering maps of
T (α0) and f3 = lim f3 :T (α3) → T (α0) is a 2p-sheeted covering map of T (α0).
If the p-adic integer α0 is not a solution of any quadratic equation over the field Q of
rationals, then T (α0), T (α1), T (α2) are T (α3) are pairwise non-homeomorphic spaces.
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if i = 3k for some k and ai = 0 otherwise. Then a torus-like continuum Y = T (α0)
generated by α0 admits three 4-sheeted covering maps whose total spaces are pairwise
non-homeomorphic. Furthermore, Y admits a 2p-sheeted covering map whose total space
is not homeomorphic to Y . In particular, Y is not a self-covering space.
Since there are only countably many quadratic numbers (i.e., solutions of quadratic
equations over the field Q of rationals) and uncountably many p-adic integers, the set
of all non-quadratic p-adic integers is uncountable. In particular α0 in Corollary 1 is not
quadratic over Q. Since T 2 is a self-covering space, each map fPi :T 2 → T 2 is open and
surjective and the limit space T (α0) is not self-covering, the class of self-covering spaces
is not closed under inverse limits with open surjective bonding maps.
In a forth coming paper we shall conduct an intensive investigation of the finite sheeted
covering maps over torus-like continua. In particular, we will look carefully at the covers
of the space in Corollary 1.
2. Finite-sheeted coverings of T (P)
Let Y be a connected topological space, let f :X → Y be a continuous map and let S be
a set of cardinality s. Let B be an open covering of Y and let A= {AσB : B ∈ B, σ ∈ S} be
an open covering of X. We will say that (A,B) is an s-sheeted covering pair for f :X → Y
provided the following three conditions are fulfilled:
(C1) f−1(B) =⋃σ∈S AσB, B ∈ B;
(C2) AσB ∩AτB = ∅, for σ, τ ∈ S, σ = τ ;B ∈ B;
(C3) f |AσB :AσB → B is a homeomorphism for each AσB ∈A.
Recall that a map f :X → Y is an s-sheeted covering map provided it admits an s-
sheeted covering pair (A,B).
Let f ′ :X′ → Y be another s-sheeted covering map over the same base space Y . We
say that f and f ′ are equivalent if there exists a homeomorphism ϕ :X → X′ such that
f ′ϕ = f .
The well-known classical classification theorem of the covering space theory refers to
covering maps f :X → Y of connected spaces, where the base Y space is locally pathwise
connected and semi-locally 1-connected. If the fundamental group π1(Y,∗) of the base
space is an Abelian group, it establishes a bijection Φ between the set of all equivalence
classes of s-sheeted covering maps f :X → Y and the set of all subgroups H of index s of
π1(Y,∗). The bijection Φ is given by Φ([f ]) = f#(π1(X,∗)) (see, e.g., Theorems 8.1 and
8.4 of [1]).
Let S1 be the multiplicative group of complex numbers of norm 1. Then the n-torus
T n = S1 × · · · × S1 is a compact connected Abelian topological group. Every continuous
map g :T n → T n is homotopic to a unique continuous homomorphism f :T n → T n. On
the other hand, every homomorphism f :T n → T n can be represented by a unique n × n
matrix M ∈ Mn(Z) with integer entries via the covering map exp×· · · × exp :Rn → T n,
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morphism f on T n to T n [6, §2]. Note that f :T n → T n is an isomorphism if and only
if the associated matrix M has |detM| = 1. Since to each homomorphism f :T n → T n
is associated a unique matrix M ∈ Mn(Z) and conversely, we say that the homomorphism
f is represented by the matrix M and write f = fM . Recall that for each subgroup G
of π1(T n,∗) = Zn there is a matrix A ∈ Mn(Z) such that G = ImA = {Ax: x ∈ Zn}.
Furthermore, the index [Zn : ImA] of ImA in Zn equals s ∈ N if and only if |detA| = s.
Now, the classical classification theorem of covering maps implies that the n-torus T n is a
self-covering space.
Recall that a pull-back diagram D is a commutative diagram of the form
X0
f0
X
h
f
Y0 Yg
which has the following universal property. For every space Z and maps ϕ :Z → X0,
ψ :Z → Y , for which
f0ϕ = gψ,
there exists a unique map φ :Z → X such that
hφ = ϕ, f φ = ψ.
Let d(a1, a2, . . . , ak) ∈ N denote the greatest common divisor of the integers a1, a2, . . . ,
ak . If d(a1, a2, . . . , ak) = 1, we say that the integers a1, a2, . . . , ak are relatively prime.
Lemma 1. Let s ∈ N, let T (P) be a torus-like continuum given by matrices Pi =[
pi ai
0 qi
]
(i < ω),T (Q) be a torus-like continuum given by matrices Qi (i < ω), and
f =
{
fFi :T
2 → T 2
∣∣∣ Fi =
[
ri ci
0 ti
]
, i < ω
}
:
{
T 2, fQi , i < ω
}
→ {T 2, fPi , i < ω}
be a map of inverse sequences. If there is an i0 <ω such that d(pi, ri) = d(qi, ti) = 1 and
|detFi | = s for each i  i0, then f = lim f :T (Q) → T (P) is an s-sheeted covering map of
T (P).
Proof. Let i0 <ω, d(pi, ri) = d(qi, ti) = 1 and |detFi | = s, for each i  i0. It is sufficient
to prove that each commutative diagram
T 2
fFi
T 2
fQi
fFi+1
T 2 T 2fPi
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fFi+1 are s-sheeted covering maps,
T 2
fFi
T 2
fQi
fFi+1
T 2 T 2fPi
is a pull-back diagram if and only if the map Ψi :Zn/ImFi+1 → Zn/ImFi , given by
Ψi(ImFi+1 + x) = ImFi + Pix is well-defined and is a bijection [8, Lemma 10]. Note
that FiQi = PiFi+1. Hence for each x ∈ Zn,PiFi+1x = FiQix, i.e., Pi(ImFi+1) ⊆ ImFi ,
which shows that Ψi is well-defined. Since |detFi | = |detFi+1| = s, it follows that
#(Zn/ImFi) = #(Zn/ImFi+1) = s ∈ N, where #X stands for the cardinality of a set X.
Consequently, it is sufficient to prove that Ψi is a surjection. Let us first prove the follow-
ing claim.
Claim. There are matrices Xi,Yi ∈ M2(Z) such that PiXi + FiYi = I.
Since d(pi, ri) = d(qi, ti) = 1 there are integers xi11, xi22, yi11, yi22 such that pixi11 +
riy
i
11 = 1 and qixi22 + tiyi22 = 1. Put
xi12 = −xi11
(
aix
i
22 + ciyi22
)
, yi12 = −yi11
(
aix
i
22 + ciyi22
)
,
Xi =
[
xi11 x
i
12
0 xi22
]
and Yi =
[
yi11 y
i
12
0 yi22
]
.
Now PiXi +BiYi = I, which proves the claim.
Let {e1, e2} be the standard basis of Z2. Let us prove that, for j = 1,2, there is a xij ∈ Z2
such that Ψ (ImFi+1 + xij ) = ImFi + ej . Let xij = Xiej . Then
Ψi
(
ImFi+1 + xij
)= ImFi + Pixij = ImFi + PiXiej = ImFi + (I − FiYi)ej
= ImFi + ej − FiYiej = ImFi + ej .
This proves that Ψi is a surjection, and also a bijection. Now we conclude that f =
lim f :T (Q) → T (P) is an s-sheeted covering map.
Let f = lim f :T (Q) → T (P) be an s-sheeted covering map of T (P) from Lemma 1.
We say that f is generated by matrices Fi =
[
ri ci
0 ti
]
(i < ω).
3. Constructions using p-adic integers
We introduce some notation which is relevant to our treatment of the p-adic integers.
The direct product of countable many copies of the integer group Z is denoted by Zω.
It consists of all functions from ω to Z. For a prime p let Hp be the subgroup of Zω
consisting of all elements x such that pn divides
∑n−1
x(i)pi for every n (usually, insteadi=0
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the reader to [3] for other presentations of p-adic integers.) An equivalence class x + Hp
contains the following unique representative α, i.e., 0  α(n) = an < p for every n < ω
and x − α ∈ Hp . We call α the canonical presentation of the p-adic integer x + Hp and
we usually regard α as a p-adic integer. The p-adic integer x + Hp is also denoted by∑∞
n=0 xnpn and
∑∞
n=0 anpn.
Let p be a prime and x ∈ Zω . For each n < ω, let fn :Z⊕Z → Z⊕Z be the homomor-
phism represented by the matrix
[
p 0
xn 1
]
. Since
fn−1 · · ·f0 =
[
pn 0∑n−1
i=0 xi 1
]
,
the direct limit Ax = lim→ (Z⊕Z, fn, n < ω) is isomorphic to a subgroup of Q⊕Q, i.e.,
Ax =
{[
up−n
−u∑n−1i=0 aipi−n + v
]
: u,v ∈ Z, n < ω
}
.
The first lemma of this section shows that the operation of taking the quotient of Zω
by Hp commutes with our constructions of continua and groups. More precisely, using
different presentations of p-adic integers in our constructions produces homeomorphic
continua and isomorphic groups.
Lemma 2. If ∑∞n=0 xnpn =∑∞n=0 ynpn for x, y ∈ Zω, then the torus-like continua gen-
erated by matrices
[
p xn
0 1
]
and
[
p yn
0 1
]
as bonding maps respectively are homeomorphic.
Dually the direct limit groups Ax and Ay are isomorphic.
Proof. Since
∑n−1
i=0 xipi ≡
∑n−1
i=0 yipi (modpn), we define the zn’s by: z0 = 0 and
pnzn =∑n−1i=0 xipi −∑n−1i=0 yipi for n 1. Then xn + zn = yn + pzn+1 and thus,[
1 zn
0 1
][
p xn
0 1
]
=
[
p yn
0 1
][
1 zn+1
0 1
]
.
Since
[ 1 zn
0 1
]
is invertible in the ring M2(Z), the inverse limits are homeomorphic spaces.
The dual statement follows from[
p 0
xn 1
][
1 0
zn 1
]
=
[
1 0
zn+1 1
][
p 0
yn 1
]
.
We recall a relationship between p-adic integers and torsion-free groups of rank 2 [4].
Let α =∑∞n=0 anpn and β =∑∞n=0 bnpn be p-adic integers and assume that the associated
groups Aα and Aβ are isomorphic. Then there is a matrix
[
a b
c d
] ∈ M2(Q) with rational
entries which defines the isomorphism. It is easy to see that a, b, c, d belong to Q(p∞) =
{apn: a,n ∈ Z} = Z[1/p]. Since the inverse matrix is also of such a form, the determinant∣∣ a b
c d
∣∣ is of the form ±pn, for n ∈ Z. By the same argument as in [4, §C and §D] aβ−bαβ+
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outline its proof. Let g = [ a b
c d
]
, e0 =
[ 1
0
]
and e1 =
[ 0
1
]
. Let
Aα,n =
{
up−n

 1− n−1∑
i=0
aip
i

+ v [01
]
: u,v ∈ Z
}
,
zn = p−n

 1n−1∑
i=0
aip
i

 and wn = p−n

 1− n−1∑
i=0
bip
i

 .
Then Aα,n = 〈zn〉 + 〈e1〉, Aβ,n = 〈wn〉 + 〈e1〉, Aα = ⋃∞n=0 Aα,n, Aβ = ⋃∞n=0 Aβ,n. We
have m0 and the minimal k(n) so that g(e0) ∈ Aβ,m0 and g(zn) ∈ Aβ,k(n). Then it is easy to
see that limn→∞ k(n) = ∞. We have integers γn and δn such that g(zn) = γnwk(n) + δne1.
Since pwk(n) ∈ Aβ,k(n)−1 by the minimality of k(n), γn and p are relatively prime, if
k(n) > m0. Hence we have
p−n
(
a − b
n−1∑
i=0
aip
i
)
= p−k(n)γn,
p−n
(
c − d
n−1∑
i=0
aip
i
)
= p−k(n)
(
− γn
k(n)−1∑
i=0
bip
i + δnpk(n)
)
.
By cross-multiplication we have
γn
(
c − d
n−1∑
i=0
aip
i
)
=
(
a − b
n−1∑
i=0
aip
i
)(
− γn
k(n)−1∑
i=0
bip
i + δnpk(n)
)
.
Since a, b, c, d ∈ Q(p∞) and γn and p are relatively prime for sufficiently large n, δn is
divided by γn and we have
c − d
n−1∑
i=0
aip
i =
(
a − b
n−1∑
i=0
aip
i
)(
−
k(n)−1∑
i=0
bip
i + δn
γn
pk(n)
)
for sufficiently large n. Taking the limit in the p-adic field, we obtain the desired conclu-
sion.
Lemma 3. Let αi,αj be as in Theorem 1 and i, j ∈ {0,1,2,3}. Let aαi + c − dαj = 0 for
i < j and a, c, d ∈ Q(p∞). Then one cannot have ad = ±pn, for any n ∈ Z.
Proof. Assume to the contrary that aαi + c − dαj = 0 for some i < j , where ad = ±pn,
for n ∈ Z. Since α1 = α0 − 1/2, α2 = 4α0 and α3 = 2pα0, depending on i, j we have one
of the following equations
2(a − d)α0 + 2c + d = 0, (a − 4d)α0 + c = 0,
2(a − 4d)α0 + 2c − a = 0, (a − 2pd)α0 + c = 0,
2(a − 2pd)α0 + 2c − a = 0, 2(2a − pd)α0 + c = 0.
K. Eda et al. / Topology and its Applications 153 (2005) 359–369 367Since α0 is not rational, we have d = −2c, a = 4d, a = 2pd or pd = 2a. Since ad =
±pn, we have integers i0, i1 such that a = ±pi0 and d = ±pi1 . By multiplying pm for a
sufficiently large positive integer m we have an equation of rational integers in each case,
since a, c, d ∈ Q(p∞). Then in each equation the right hand term is divisible by 2, but the
left hand term is not, since p is prime and greater than 2. This is a contradiction.
Lemma 4. Let p > 2 be a prime and α0 be a p-adic integer which is not a solution of any
quadratic equation over rational integers. Let α1 = α0 − 1/2, α2 = 4a0 and α3 = 2pα0.
Then Aα0 ,Aα1 ,Aα2 and Aα3 are pairwise non-isomorphic.
Proof. Consider the negation of the conclusion. Then there exist a, b, c, d ∈ Q(p∞) and
i, j ∈ {0,1,2,3} such that aαi − bαiαj + c − dαj = 0 for i < j . By Lemma 3 we have
b = 0. We may assume that a, b, c, d are integers and thus α0 is a solution of a quadratic
equation, which is a contradiction.
4. Proofs of Theorem 1 and Corollary 1
Proof of Theorem 1. We firs t make a remark concerning the construction of the space
T (α) associated with a p-adic integer α. In Section 2 we have defined T (α) using
a sequence of matrices
[
p an
0 1
]
induced by the canonical presentation
∑∞
n=0 anpn of
α. Actually, the construction can be done by a sequence of matrices
[
p xn
0 1
]
, for each
element x ∈ Zω. By Lemma 2, we may view the limit space as it is defined for a
p-adic integer
∑∞
n=0 xnpn. Therefore we need not refer to the canonical presentations
of α0 − 1/2, 4α0, pα0 and 2pα0 in what follows.
(i) Note that
FiPi =
[
2 0
0 2
][
p ai
0 1
]
=
[
p ai
0 1
][
2 0
0 2
]
= PiFi+1, i < ω.
Hence,
f0 =
{
fFi :T
2 → T 2
∣∣∣ Fi =
[
2 0
0 2
]
, i < ω
}
:
{
T 2, fPi , i < ω
}
→ {T 2, fPi , i < ω}
is a map of inverse sequences. Furthermore, d(p,2) = d(1,2) = 1 and |detFi | = 4.
Lemma 1 implies that f0 = lim f :T (α0) → T (α0) is a 4-sheeted covering map of
T (α0).
(ii) Since
GiQi =
[
2 1
0 2
][
p (p − 1)/2 + ai
0 1
]
=
[
p ai
0 1
][
2 1
0 2
]
= PiGi+1,
i < ω,
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f1 =
{
fGi :T
2 → T 2
∣∣∣Gi =
[
2 1
0 2
]
, i < ω
}
:
{
T 2, fQi , i < ω
}
→ {T 2, fPi , i < ω}
is a map of inverse sequences. Note that d(p,2) = d(1,2) = 1, |detGi | = 4 and
∞∑
i=0
(
p − 1
2
+ ai
)
pi = p − 1
2
1
1 − p +
∞∑
i=0
aip
i = α0 − 12 = α1.
It follows from Lemma 1 that f1 = lim f1 :T (α1) → T (α0) is a 4-sheeted covering
map of T (α0).
(iii) Note that
HiRi =
[
1 0
0 4
][
p 4ai
0 1
]
=
[
p ai
0 1
][
1 0
0 4
]
= PiHi+1, i < ω.
Thus
f2 =
{
fHi :T
2 → T 2
∣∣∣Hi =
[
1 0
0 4
]
, i < ω
}
:
{
T 2, fRi , i < ω
}
→ {T 2, fPi , i < ω}
is a map of inverse sequences. Since d(p,1) = d(1,4) = 1 and |detHi | = 4 Lemma 1
implies that f2 = lim f2 :T (α2) → T (α0) is a 4-sheeted covering map of T (α0).
(iv) Since
LiUi =
[
1 0
0 2p
][
p 2pai
0 1
]
=
[
p ai
0 1
][
1 0
0 2p
]
= PiLi+1, i < ω,
d(p,1) = d(1,2p) = 1 and |detLi | = 2p it follows that
f3 =
{
fLi :T
2 → T 2
∣∣∣ Li =
[
1 0
0 2p
]
, i < ω
}
:
{
T 2, fUi , i < ω
}
→ {T 2, fPi , i < ω}
is a map of inverse sequences and f3 = lim f3 :T (α3) → T (α0) is a 2p-sheeted cov-
ering map of T (α0).
It remains to prove that T (α0), T (α1), T (α2) and T (α3) are pairwise non-homeomor-
phic spaces. The first ˇCech cohomology groups with integer coefficients H 1(T (α0)),
H 1(T (α1)),H 1(T (α2)) and H 1(T (α3)) are isomorphic to Aα0 ,Aα1,Aα2 and Aα3 , respec-
tively [6, §5]. Now Lemma 4 implies that T (α0), T (α1), T (α2) and T (α3) are pairwise
non-homeomorphic spaces.
Proof of Corollary 1. It is sufficient to prove that the p-adic integer α0 = ∑∞i=0 aipi ,
where ai = 1 if i = 3k for some k and ai = 0 otherwise, is not a solution of any
quadratic equation over Q. We shall show that α0 is even not algebraic using a well-
known number-theoretic theorem, the so-called a p-adic variant of Roth’s inequality. We
K. Eda et al. / Topology and its Applications 153 (2005) 359–369 369apply [7, Chapter 7, Theorem 1.1] to the following case: K is the field Q of rationals,
MQ = {∞,2,3,5, . . .}, S∞ = {∞}, S = {p}. The theorem states:
Let β be an algebraic p-adic number. Then for each real κ > 2, there exist at most
finitely many m,n’s which satisfy the following:
(a) m and n are rational integers and n = 0;
(b) ‖β −m/n‖p < 1/max{|m|, |n|}κ , where ‖ ‖p is the p-adic metric on the p-adic field.
To apply this criterion to α0, let rn = ∑3ni=0 aipi . Then ‖α0 − rn‖p = p−3n+1 . Since
rn < p
3n+1,‖α0 − rn‖p < 1/r5/2n for sufficiently large n. Hence α0 is not algebraic and
particularly not a solution of any quadratic equation over Q. Now Theorem 1 implies the
conclusion.
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